We consider vacuum electric and magnetic energy densities (or equivalently field fluctuations) in the space around a point-like or an extended ground-state field source, and discuss the problem of their singular behavior at the source's position. We show that the assumption of point-like source leads to a divergence of the renormalized energy densities at the position of the source and analyze in detail the structure of such singularity in terms of a delta function and its derivatives. We then consider the case of an extended source, smeared out over a finite volume and described by an appropriate form factor, and show that in this case all divergences in the local energy densities are removed. Our results for the structure of the divergences in the field energy densities also resolve an apparent inconsistency between the vacuum expectation value of the field Hamiltonian and of the field energy densities integrated over all space.
I. INTRODUCTION
Vacuum fluctuations and the existence of the zeropoint energy of the electromagnetic field are a remarkable prediction of quantum electrodynamics [1] . They have been extensively investigated in the literature, especially in relation with Casimir and Casimir-Polder forces, which are long-range electromagnetic interactions between neutral macroscopic objects (metals or dielectrics), between atoms and surfaces or among neutral atoms or molecules [2] [3] [4] . The Casimir effect, in particular, is related to the modification of the zero-point energy as a consequence of a change of the boundary conditions on the electromagnetic field [5] .
Despite of its oddity, the idea of a force generated by a change of vacuum fluctuations in the presence of boundary conditions has stimulated great interest in the literature, both from theoretical and experimental point of view [6] . These purely quantum effects have now been experimentally confirmed with remarkable accuracy [6] [7] [8] . However, there are many aspects concerning with vacuum fluctuations and vacuum energy that are still unclear.
A controversial issue concerns with the appearance of surface divergences (and their cut-off dependence) in the calculation of field energy densities, in the presence of metallic boundary conditions [9] [10] [11] [12] [13] . The physical origin of these divergences has been recently questioned in the literature and the possibility of removing them through a suitable regularization procedure has been discussed in the case of a scalar field [11, 13] . Generally speaking, the appearance of surface divergences in the field energy density is not surprising: boundary conditions are in fact a convenient oversimplification of the interaction between matter and fluctuating fields. An ideal boundary con- * Electronic address: roberto.passante@unipa.it straints all field modes, at any wavelength and this gives rise to singular energy densities on the boundary. For example, it is well-known that, in the case of a perfectly reflecting plate, renormalized electric and magnetic fluctuations or energy densities (i.e. after subtraction of the homogeneous energy density existing also in absence of the boundary) E 2 and B 2 , diverge at the vacuumconductor interface. These divergences can be removed by introducing an appropriate exponential upper cut-off in the frequency integrations [12, 14] . It has been also shown that they disappear in the case of a boundary with a fluctuating position [11] , and it has been guessed that imperfect boundaries could remove them [15] .
Recently, the electromagnetic field fluctuations near a dielectric-vacuum interface have been investigated [12, 16] . The structure of the surface divergences in the limit of a perfect conductor has been discussed in detail [14] . Also, local energy densities and surface divergences have been explored near fluctuating boundaries [11] or in the vicinity of a soft wall modeled by a potential which is monomial in z, z being the distance from the wall [17] .
In spite of the increasing interest on the subject, many topics are not yet well understood. For example, the presence of divergences in the field energy density presents serious problems when the coupling to gravity is considered, because considerable gravitational effects should be observed [13, 18] . In fact, even if considering real surfaces might eliminate the divergences associated to idealized boundaries, energy densities at surfaces and their effects could be large and should be carefully considered [19, 20] . Also, it should be stressed that electromagnetic energy densities can be experimentally investigated through the Casimir-Polder interaction energy with appropriate electrically and magnetically polarizable bodies [21] .
All the considerations above make relevant investigating the structure and the physical origin of divergences of the vacuum energy densities in the presence of boundaries or polarizable bodies. In [14] we have investigated the origin and structure of surface divergence at the interface between an ideal conductor and the vacuum space exploiting an appropriate limiting procedure from a dielectric to a metal; this has also allowed us to show that surface divergences in the electromagnetic energy density are essential in order to have consistency between integrated local energy densities and global field self-energies.
It is thus natural investigating the case of renormalized vacuum electromagnetic energies near an atom or a polarizable body, and this will be the main subject of this paper.
In this paper we study the electromagnetic energy densities (or, equivalently, the field fluctuations) surrounding a dressed point-like and a dressed extended source of the electromagnetic field, whose properties are given by its dynamical polarizability and its form factor; in particular, we shall concentrate on their singular behavior at the source's position. Compared to previous works on the subject mentioned above, in the present case we have a dynamical source of the electromagnetic field in place of a boundary condition. Some aspects of the vacuum fluctuations of the electromagnetic field in presence of a pointlike source have been already explored in the literature (see for example [22] and references therein), as well as its connection with Casimir-Polder interactions between atoms and/or macroscopic bodies [23] , but its singular behavior was not considered. It is known that, under appropriate conditions (in the so-called far zone), both the renormalized electric and magnetic energy densities surrounding a point-like ground-state atom are proportional to 1/r 7 , r being the distance from the atom. They clearly diverge at r = 0, as well as their sum and their integral over all space. On the other hand, the renormalized total field energy (expectation value of the field Hamiltonian, after subtraction of the zero-point terms) can be shown to be zero (see Sec. II). This shows an inconsistency between local and global self-energies, analogous to the case of the ideal metallic boundary condition discussed in [14] , where it is shown that only a careful consideration of surface divergences at the metal-vacuum interface permits to restore a full consistency between the two approaches. This gives a strong indication that also in the case of a point-like atom there should be extra singular terms at the atomic position. It has been argued that the singular behavior arises from the oversimplified assumption of point-like source and dipole approximation [24] . In some sense, point-like sources are conceptually similar to ideal boundaries, so singular energy densities at the position of the source are to be expected.
These considerations suggest that divergences could be removed with a suitable regularization procedure involving the use of an appropriate upper-frequency cut-off in the calculations. In this paper we shall explore an alternative procedure to treat singularities in the energy densities at the position of a field source, showing the presence of extra singular terms localized at r = 0, in addition to the 1/r 7 term. This will allow us to prove that there are not inconsistencies between global and local field self-energies, provided the energy-density divergences localized at the position of the source are properly included. We shall also consider an extended source of finite dimension interacting with electromagnetic field in the vacuum state. The source is modeled as a collection of elementary neutral sources, smeared out over a finite volume with a density described by a function ρ(r), whose Fourier transform gives a form factor for the source. This form factor, which appears in the matterfield interaction Hamiltonian, plays the role of a regularization factor in the source-field interaction, and it provides a finite length-scale for the source-field coupling which cuts off the contribution of high frequency modes. This ensures that the local energy densities of the electromagnetic field are well-defined and finite everywhere, thus eliminating the problem of divergences present in the case of the point-like source. Global and local selfenergies are fully consistent in this case, even for a vanishing size of the source. The case of a point-like source can be then obtained by an appropriate limit procedure. This result also indicates that the procedure adopted is equivalent to consider an ideal point-like source together with a suitable physical cutoff as a model to describe realistic situations [19] .
The paper is organized as follows. In Sec. II we consider a point-like source in its dressed ground-state interacting with the quantum electromagnetic field in the vacuum state. We assume the source located at r = 0 and investigate the local and global (i.e. integrated over all space) properties of the electric and magnetic energy densities in the vacuum space surrounding the source. We show that the assumption of a point-like source leads to divergences in the local electromagnetic energy densities, and obtain their explicit mathematical expression. We show that a singular behavior at r = 0 is at the origin of the apparent discrepancy between the total electromagnetic self-energy obtained as the expectation value of the field Hamiltonian and as a space integral of the field energy density. We find that such inconsistence is completely removed if the singularity at the source position r = 0 is correctly taken into account, by virtue of a subtle cancelation between diverging quantities at r = 0. In Sec.III we consider the case of an extended source with a finite size and analyze in detail the behavior of (local and global) field energy densities in the space around the source. We discuss how the proposed model of extended source eliminates divergences and singularities in the electric and magnetic energy densities, and also solve the mentioned inconsistencies in the calculation of the total electromagnetic energy for any nonvanishing size of the source. Sec. IV is finally devoted to some concluding remarks.
II. ELECTRIC AND MAGNETIC ENERGY DENSITY AROUND A POINT-LIKE SOURCE
In order to discuss the problem of the divergences of the (renormalized) electromagnetic energy densities, we first consider the case of a point-like atom in its ground-state interacting with the electromagnetic field in the vacuum state. We suppose the atom located at r = 0 and we describe the atom-field system adopting an effective Hamiltonian obtained from the multipolar form of the atom-field Hamiltonian in dipole approximation through an appropriate transformation [21] 
(we are working in the Coulomb gauge). H A is the atomic Hamiltonian and H F is the electromagnetic field Hamiltonian; d(r) is the transverse displacement field, whose Fourier components are d kj (r): outside the atom, it coincides with the total (transverse plus longitudinal) electric field. Introducing the usual annihilation and creation bosonic operators a kj and a † kj , the Hamiltonian of the radiation field assumes the well-known expression
(in the last equality the zero-point energy has been subtracted), with (4) whereê kj are the polarization vectors andb kj =ê kj × k. Finally, the atomic isotropic dynamical polarizability α(k) is given by
where µ mg is the matrix element of the dipole moment operator between the atomic state m and the ground state g, and E mg = E m − E g . We are interested in investigating local and global properties of the energy density of the virtual electromagnetic field surrounding the pointlike source in its dressed ground state. In particular, we shall calculate the quantum average of the electric and magnetic energy densities on the dressed ground state, that is the lowest-energy eigenstate of the total Hamiltonian (1). Using Rayleigh-Schrödinger perturbation theory, the dressed ground-state is easily obtained at first order in α(k)
where g denotes the atomic ground state.
We now evaluate the expectation values of the squared electric and magnetic fields, on the dressed ground-state (6) . After straightforward algebraic calculations we get, at order α(k),
where we have subtracted the spatially uniform zeropoint contributions, thus obtaining the renormalized energy densities (from now onwards, we will consider only renormalized self-energies). The procedure adopted so far is rigorous up to terms of order α(k).
In order to calculate explicitly the quantities (7) and (8), we approximate the dynamical polarizability with its static value. This is equivalent to consider the so-called far-zone (r > c/ω 0 ), where ω 0 is a main characteristic atomic frequency: in this zone the prevailing contribution to the energy densities is given by virtual photons with frequencies ω k < ω 0 [22] . Thus we can approximate ω 0 + ω k ≃ ω 0 , so that the dynamic polarizability α(k) reduces to the static one, α = α(0). This approximation is mathematically consistent for any distance r, provided ω 0 is sufficiently large, and it will make our considerations independent from a specific structure of the field source.
In the continuum limit (V → ∞), after sums over polarizations and angular integrations, we get
where Q E (k, k ′ , r) and Q M (k, k ′ , r) are expressed in terms of spherical Bessel functions as
Using the relation
to decouple k and k' integrations in (9) and (10), after integration over k, k ′ we get
Integration on η finally gives the well-known results (valid for r = 0)
[22, 23]. The expressions above describe the local energy densities of the electromagnetic field surrounding the point-like source. They are well defined everywhere, except at the origin r = 0, where they diverge. Before exploring in detail this singularity and show the existence of other singular terms at r = 0, it is of interest to discuss some global (integral) property of the renormalized electromagnetic energy surrounding the dressed source. First, using (2) and (6), we immediately obtain
On the other hand, equations (16) and (17) imply
which diverges when integrated over all space because of the singular behavior of (16) and (17) at r = 0. This is at variance with the result (18), because H F = d 3 r(H el (r) + H m (r)). Thus there is a discrepancy between the value of the total electromagnetic field energy calculated as the expectation value of the field Hamiltonian H F and as a space integral of the electromagnetic energy density (19) . It appears that the average field energy cannot be obtained from the spatial integration of (19) ; also, the latter is divergent at the position of the atom. The mathematical origin of this difficulty is that the energy densities as given in (16) and (17) have a singularity at r = 0; we shall show in the next part of this Section that other singular terms are present and that their existence solves this (apparent) problem. This singular behavior indeed prevents from exchanging the r and η integrations in the calculation of the total electric and magnetic energy densities [24] . To strengthen this observation, we note that if we first perform integration over r and then that over η (that is in the opposite order of the r integral of (19)), the spatial integral of the total (electric plus magnetic) energy density correctly vanishes, as expected from (18) . In fact, from eqs. (9) and (10) after integrations on k and k ′ , or from (14) and (15), we have
from which we immediately obtain
because the electric and magnetic contributions cancel each other, even if they are individually divergent. We can physically understand this result: the exponential function introduced in (13) plays the role of a cut-off function in the frequency integrations in (9) and (10), and it removes the singular behavior of energy densities at r = 0 before the integration over η is done. Exchanging the order of the integrations in η and r is somehow equivalent to remove the cut-off in the calculation, and this leads to the diverging result, essentially for the same reason that an ideal conducting boundary leads to diverging energy densities at the boundary-vacuum interface [14] .
From the previous considerations, we are led to conclude that the total field energy cannot be obtained by spatial integration of the energy density, without an appropriate prescription for dealing with the singularity at the origin. This observation suggests to investigate in more detail the singular behavior of the electromagnetic energy density. We will now show that if the singularity at r = 0 is correctly evaluated and taken into account, the spatial integral of 0 | H el (r) + H el (r) | 0 vanishes, consistently with (18) . In order to do that, we first consider the electric and magnetic energy densities, following a procedure similar to that used in [24] . It involves the use of an exponential cut-off in the integrals (9) and (10), and letting the cut-off frequency to go to infinity after the frequency integrations (details are given in the Appendix A). After some algebra we get
where the superscript to the delta function indicates the order of its derivative with respect to r. The first term on the right-hand side of (23) and (24) coincides with (16) and (17), respectively. The other terms, involving a delta function and its higher-order derivatives, take into account the singularity of the electric and magnetic energy densities at r = 0. This singularity was not included in the calculation yielding (16) and (17) . Our procedure outlined in the Appendix A of first introducing an exponential cut-off function, and taking the limit of the cut-off frequency to infinity after having done the frequency integrals, has thus allowed us to obtain the correct and complete expression of the energy-density singularity at r = 0. We can now easily evaluate the total energy of the field. Summing up (23) and (24), and integrating over all space using the propetries of the distributional derivatives of δ−functions, we finally obtain
(cancelation of terms diverging for r → 0 should be noted). As mentioned, this shows that, by a proper account of the divergences at the atomic position, the total field self-energy vanishes, consistently with the global self-energy as obtained in (18) . This means that the total (diverging) electromagnetic energy for r > 0 is exactly canceled by the electromagnetic energy stored at r = 0, as clearly shown by eq. (25) . This property is not obtained if the calculation of integrated energy density is performed without a careful consideration of the singularity at r = 0, and shows that the renormalized field energy vanishes by virtue of a intriguing cancellation among diverging quantities. This fully restores consistency between the renormalized expectation value of H F on the dressed ground-state and the integrated energy density over all space. Although the total renormalized self-energy vanishes, its electric and magnetic components individually are however divergent at the origin for a point-like source. We wish to stress that a similar discrepancy has been discussed in the case of quantum fields with a boundary condition, for example for the electromagnetic field in presence of a perfectly conducting plate [11, 14] ; it has been shown that the existence of a singular surface energy density is necessary to remove the inconsistency between the total field energy and the integrated energy density [14] . We finally observe that the exponential cut-off we have introduced in the previous calculations is just a mathematical procedure that allows us to obtain the correct form of the divergences of energy densities through a limit procedure. In the next Section we shall discuss how the assumption of a model of extended source may provide a natural physical cutoff, which removes all divergences in the energy densities of electromagnetic field.
III. ENERGY DENSITIES AND FLUCTUATIONS OF THE ELECTROMAGNETIC FIELD NEAR AN EXTENDED SOURCE
We now focus on the second main point of this paper, specifically the local and global electromagnetic energy densities in the case of a specific model of an extended source. We consider a neutral source of finite dimension, that we model as a collection of neutral point-like sources, smeared-out over a finite volume, with density ρ(r). This introduces a form-factor in the frequency integrations. Specific examples of form factors for transitions between levels of the hydrogen atom can be found in [26] . We assume the function ρ(r) normalized, so that
A simple generalization of Hamiltonian (1) to the case of an isotropic source of finite dimensions is
This Hamiltonian reduces to (1) for a point-like source when ρ(r) → δ(r). In (26) the interaction with the field of an elementary source at r ′ also depends on the presence of the elementary source at r ′′ . The density function ρ(r) appearing in the interaction Hamiltonian, acts as a regularizing factor of the source-field interaction: thus our extended-source model allows to remove all divergences in the renormalized values of electric and magnetic energy densities, yielding also consistency between integrated averaged energy densities and average of the field Hamiltonian. Our model also permits to obtain the case of the point-like source discussed in the previous Section as a limit case.
In order to evaluate the electromagnetic energy density around the dressed source, we follow the same procedure of the previous Section. We first calculate the dressed ground state of Hamiltonian (26) . Straightforward perturbation theory up to first order in the atomic polarizability yields
This expression can be used to evaluate the quantum averages H el (r) and H m (r) . At lowest order in α(k) and subtracting the spatially homogeneous zero-point contributions (present also in absence of the source), we
for the renormalized electric energy density, and
for the renormalized magnetic energy density (subscript e.s. indicates extended source). Comparison with (7) and (8) allows us to write these quantities in the more compact form
(where the subscript p.s. indicates point-like source), which clearly shows the presence of interference between the contributions of the elementary sources which form the extended source. Assuming ρ(r) with a spherical symmetry, the form factor depends only on k,
Substituting (32) in (30) and (31), in the continuum limit we obtain
These expressions show how the renormalized electric and magnetic energy densities explicitly depend on the structure of the source through its form factor ρ(k). In the limit ρ(r) → δ(r), they reduce to the expressions for a point-like source obtained in the previous Section. The assumption of an extended source naturally introduces a physical cutoff (at a frequency related to the size of the source), that eliminates the divergences in the field energy densities discussed in the previous Section. In fact, it is easy to see that the functions inside the integrals (33) and (34) behave as α(k)ρ(k)k for large k. Thus choosing an appropriate form factor, decreasing as 1/k α (α > 2), the integrals on the right-hand side of (33) and (34) converge. Furthermore, because the functions Q E(M) (k, k ′ , R) are continuous everywhere, both the electric and magnetic energy densities are welldefined everywhere. This also makes convergent their integral over all space. In other words, the singularities present of the local energy densities in the case of point-like source are eliminated in our case of an extended source.
Finally, we may calculate explicitly the spatial integral of the electromagnetic energy density. Now the integral over r can be safely exchanged with the integrals over k and k ′ due to the regularization introduced by the form factor; being
we immediately get 
as expected from eq. (18), which is valid also for the extended source. This result confirms that because of the assumption of a source of finite dimension, there is not discrepancy between the total electromagnetic energy and the integrated local energy densities for any nonvanishing size of the source, making the procedure adopted fully equivalent to the introduction of a suitable cutoff function.
IV. CONCLUSIONS
In this paper we have analyzed the renormalized vacuum electric and magnetic energy densities (or equivalently field fluctuations) near a field source, for example an atom or an electrically polarizable body, using an effective Hamiltonian describing the atom-field interaction. The importance of considering these local energy densities is related to many factors, for example they are related to Casimir-Polder forces on polarizable bodies and they should also act as a source term for gravity. We have first concentrated our interest on the structure of the divergences of the energy densities at the source position (r = 0) in the case of a point-like source. We have found that the expressions of the electric and magnetic energy densities contain terms proportional to the Dirac delta function and its derivatives evaluated at r = 0, which contain a finite amount of energy. We have shown that these singular terms in the energy densities are essential in order to have consistency between the renormalized vacuum expectation values of the field Hamiltonian and of the field energy density integrated over all space. We have also considered a model of an extended source of the electromagnetic field, which is smeared out over a finite volume of space, and shown that in this case the renormalized field energy densities are finite at any point of space for any nonvanishing size of the source. Relation of our results with recent works about surface divergences of renormalized field energy density at the interface between a conducting plate and the vacuum has been also discussed in detail.
